Appendix D

Formulas for the quantitative
variables

311



D. EXPECTANCIES

D.1  DIRECTIONAL SELECTION

The main goal, from the technical side, is to have explicit formulas
for the expectations of the macroscopic variables, in order to be able
to make predictions of the course of evolution. That is, to put the
statistical mechanical method ‘at work’. The formulas for polygenic
traits are closely related to those of a single locus, which I will give
in the following pages. The polygenic versions will be given in the
following sub-section.

Remarks about the notation. The ‘per locus’ formulas will be al-
ways denoted with the subscript ¢. The formulas can be represented
by either regularized confluent hypergeometrics oFi (.;.), or modified
Bessel functions of fractional order Z, (.) . Although entirely equiva-
lent, for some of the formulas I will provide both expressions. It is just
a matter of taste which one to use. In general I am using variables
scaled by population size, so mutation rate and selective values will be
expressed as Ny and NS. Although simplifications with respect to NV
is often possible, I will leave all expressions in terms of the scaled vari-
ables. The reason is that the scaling always appears, and population
size N rarely appears on its own.

The formulas here defined, as well as the evolutionary dynamics
are implemented in Mathematica 6.0 packages, that are available upon
request.

D.1.1 Statistics for traits with a single locus
Distribution of allele frequencies and the partition function

e The maxentropic distribution is

= %exp [2NBZ + 2N uU) (D.1)

where the base density is
¢ =1/p(1—p) (D.2)
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D.1. DIRECTIONAL SELECTION

e The partition function is

Zy(Np,Ng) = I4Nu+%(2Nﬁ) (D.3)

= 2'NEDPUNY) o Fy (4Nu + %; (Nﬂ)2>

which is also the generating function for the macroscopics de-
fined below.

— Low mutation rates limit (4N < 1). The distribution has only two
peaks at ¢ (0) and (1), and the partition function is

Zyngy = cosh(2N ) . (D.4)

Genetic mutation variability

e Definition

U = 2log[p(1 — p)] (D.5)
e Expectancy
_ 01og(Zowp,ng))
(U)evu,Ng) = W (D.6)

oF{"Y (ANp+ 33 (NB)?)
oF1 (4N,u + %3 (Nﬁ)z)

=20 (4Npu) —log(16) +

where ¥ is the digamma function. The equation is to be com-
puted numerically, or approximated at small 3, for which it sim-
plifies as

(U) ~ W(8Np) — log(16) + (ﬁ) '

— Low mutation rates limit ANy < 1). This macroscopic does not
need to be defined for low mutation rates to couple the distribu-

tion of the micro and macroscopic variables.
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D. EXPECTANCIES

e Variance
N log(Ze(np,np)) o(U
var(U)ynu,ng) = (ZN)éaZQ AR QJSTBL (D.7)
(2,0) 2
. oF9 (4Np +1/2; (NB)?)
= 4U'(4Np) — 4 oF (AN + 172 (NG (D.8)

oF (Np+1/2:(NB)?) |7
oF1 (ANp+1/2;(NB)?)

+

‘Genetic variance’ of genetic variability This quantity is defined
by the rate of change of U (Eq. 3.22), in analogy to the rate of change
of the mean trait, that is proportional to genetic variance:

e Definition
H=2(p(1-p) ' -4 (D.9)

e Expectancy

Ly (Nu—1/4,NB)

(H)enu,np) = —8+2 (D.10)
Zo(Nu,NB))
- 4 L oF1 (4Np —1/2;(NB)?)
B ANp —1/4 oFy (ANp+1/2;(NB)?)
NG5
_ 4NM +1/4 B(Z)e(Nu,Np) D.11)

T Nu—1/4  (Np—1/2)(Nu+1/2)

— Low mutation rates limit ANu < 1). As 4Ny | 1, (U) 1 co. This
macroscopic however does not need to be defined for low muta-
tion rates to couple the dynamics of the micro and macroscopic
variables.

Mean Trait

e Definition
z=2(p-1) (D.12)
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D.1. DIRECTIONAL SELECTION

e Expectancy

8 log(ZZ(N,u,N,B))

<2>Z(NMYN5) = 2NOS
_ I4Nu+ (QNﬂ)
B 4N,u,—— ( )
_ gl (4Nu+ 5 (V9))
B oF1 (4Np+ 15 (NB)?)

— Low mutation rates limit AN p < 1).
<Z>Z(Nﬂ) = tanh(?Nﬁ)

e Variance

_ 0? log(Ze(nu,np)) 0(z)
var(2)enuNe) ~oNyag5e = aNog

Zanp+1/2 (2NB) <4Nu TaNp+1/2 (2Nﬁ)>
Tanu—172 (2NB) \2NB ~ Iynu-1/2 (2Np)

—1-@) (5 +@)

— Low mutation rates limit (AN pu < 1).

=1—-

var(z)yng) = sech®(2N3)

Genetic variance

e Definition
v=2p(l—p)

o Expectancy

Ly (Np+1/4,N8)
v — o2t (WpuA1/4,VP)
(V) e(vpu,n) Zeonnng)
oF1 (4Np+ 3; (NB)?)

oFt (4Np + 35 (NB)?)

=2Npu

2Np

= W(@awwm

(D.13)

(D.14)

(D.15)

(D.16)

(D.17)

(D.18)

(D.19)

(D.20)
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D. EXPECTANCIES

— Low mutation rates limit AN p < 1).

<V>Z(N;4,Nﬁ) = % tanh(QNﬂ) (D.21)

Covariance between meant trait and genetic variability

0% log(Z
cov(Z, U)enpnm = W (D.22)
o(z) _ o)

2NOu _ 2NOp
IE\??H/z (2NB)  Zanp+1/2 (2NB) IS\’,?LI/Q (2NB)

Tanp-1/2 2NB) (Zanp_1/2 (2NB))

= cov(U, z)

D.1.2 Statistics for multivariate traits with
unequal (and pleiotropic) effects

The statistics for the moments of a vector of mean traits (z) results as
an extension of the per-locus functions. I will give only the multivariate
expressions, since the uni-variate traits are a special case. For the
latter, some properties (similar as in the one-locus case) hold, which I
will highlight.

Remarks about the notation. The ‘per locus’ sub-index will be used
here also as an iterator (index for the summations and products).
Hence, whenever a quantity has a subindex, it refers to the ‘per lo-
cus’ quantity evaluated at the effects of a given locus. These effects
of each locus /¢ over every trait k are summarized in a matrix 7; each
column of this matrix, 4; contains the effects of one locus ¢ over each
of the m traits; the effect of a locus ¢ over a trait k is then 7x¢, which
for the univariate case will simply be written as ;. :

Floci — Ye T
Y11 Y12 Y1e Tin
Y2n ‘.:{
T = Y21 Y22 Y2e p
N [
: . )]
Ym1 Ym2 e Yme Jmn J,
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D.1. DIRECTIONAL SELECTION

Similarly, each row of T represent the vector of effects of all loci

over each of the traits.

The symbol ® represents the Kronecker (tensor, dyadic, or external)

product, and will appear when using matrix notation.

Partition function

e Partition function

n

A | R
=1

— Low mutation rates limit (AN pu < 1).

Zingiry = Hcosh[2N’74 A
=1

Genetic mutation variability

e Definition

U =2 loglpe(1 - po)]

=1

e Expectancy

U _ 01og(Zny ngimy)
( >(NH7N5I”T‘) - 2N

n
= 2 (V)ynunmed)
=1

e Variance

U B aQIOg(Z(Nu,NEIT))
var( )(NuA,Ng\T) - (2N)20u?

o)
2NOou

n
= > varU)y,.nq,.5)
(=1

(D.23)

(D.24)

(D.25)

(D.26)

(D.27)

(D.28)
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‘Genetic variance’ of genetic variability

e Definition

H=3 2p(1-p)] ™" ~4 (D.29)
=1
e Expectancy
Z(ny—1/4,NjIT)
H)wungm =2—5 — ——— —4n (D.30)
(N, NB|IT)

n o oFy (ANp —1/2; (N5, - §)?
:*4n+2(N,u*1/4)’1Z ’ 1( fo—=1/2; (N9 ﬁ_‘))
=1 o1 (4Nﬂ+ 1/2; (N9, - B)Q)

NG (z .
_ g Yt /4 BB wunam) o
Np—1/4 " (Np—1/2)(Np+1/2)
Mean ftraits
e Defintion
2= Fu(2pe — 1) (D.32)
=1
e Expectancies
0log(Z 51y )
(Np,NB|T)
z 5 = (D.33)
<_'>(NH7N5\T) INOS
” R I4N,u+% (QN’_Y'Z ﬁ)
= D —
=1 I4N,u7% (Zny,_; : 5)
= > e uwnpnid) (D.34)
=1
— Low mutation rates limit (AN p < 1).
(g = O_ Ve tanh[2N5, - ] (D.35)

=1
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D.1. DIRECTIONAL SELECTION

e Covariances of the mean traits.

o 310g(Z(N ,N[ﬂ'T‘))
COVar(Zj, k) (., w i) :W
_0(z) _ 0z

ONOB.  2NOB;

(D.36)

n
= 20 = i) = D viewe (B o w5y (D.37)
=1

where
1 n
Vi = 3 Z’yjmke (D.38)
=1

are the maximal genetic variances.

e Variances of the mean traits. The variance of a trait follows di-
rectly for j = k in Eq. D.36. For univariate traits of equal effects

max 2N, _ -
var(z) = v —N—;<z)—<z>2. (D.39)

We can express the covariances in matrix form, as it is needed
for the dynamics; C = {covar(Z;, Z)}} %~ Which results in:

C=2(G""=G) =D T @Fe(D} npnayd) o (D.40)

=1

where the relation between the G-matrix and the variance across
phenotypes is revealed.

— Low mutation rates limit (AN p < 1).

Congiry = O 7 @ Aesech®[2N 7, - ] (D.41)
=1

Genetic variances, covariances, and the G-matrix

e Definition

ik =2 vievkepe(l — pe) (D.42)

=1
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e Expectancies of the covariances

7 -
<ij>(N N = 2 (Np+1/4,NB|T)
# Z(N e
w,NBIT)

— 2Ny Z Vevke o

N7, /3 Z(Nu NF,-5)

(D.43)

(D.44)

e Expectancies of the genetic variances. These are defined by

<l/k> = <l/1€1€> .

(D.45)

In the case of univariate traits, setting (m = 1), comparing Eqns.

D.32 and D.42 it holds true that
2Np
)= 5@

for arbitrary number of loci and effects.

(D.46)

e Definition of the G-matrix. Expressed in matrix form, the covari-

arnces are
241 Vizg 0 Vim
. V21 1) Voam
g = {ij}j,kzl =
VUm1 VUm2 e Um,
¢ Expectancies
Vi Viz -+ Vim
V21 V2 o Vom
<g>(Nu,N5W) = : : .. :
Vm1 VUm2 e Um

- B o5
=2Np ’7(@'?@%
; 2N7, - B3

— Low mutation rates limit (AN p < 1).

. ’Ye ® e
g 20 = 2N = tanh[2N7, -
< >(NH,NB\’T") po 2NW ﬂ [ ]
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D.1. DIRECTIONAL SELECTION

e Variance of the genetic co-variances

2 L(vpt1/2,285,8)

var(v;i) —4Zw ® Vi 7

(Np,NB|T)

Covariance between meant trait and genetic variability

0 log(Z . njim))

covar(Z,U) iy, ngir) =

(2N)20304
_oU) _ 9(3)
" 2N93  2Nou

= Z ’%COV&I‘(Z, U)E(N,u.,N’Ve‘E) !
=1

(D.51)

(D.52)

(D.53)

(D.54)

Notice that this is a vector of the covariances between each mean

trait and U.
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D.2  STABILIZING SELECTION

Similar to the case of directional selection, in linkage equilibrium the
statistics for polygenic characters depend on those of single loci, so I
will first review these, and in the following subsection, the polygenic
formulas.

Remarks about the notation. For clarity in reading the formulas I
will use the following convention. The single locus formula will always
be denoted by the symbol (...),; the subscript ¢ is used to indicate
single locus statistic. In the polygenic formulas this subscript will
also be used as an iterator across the loci. Furthermore, the statis-
tics for single locus are function of three parameters, that is the vector
(Nu, NG, No). Also for notational simplicity this vector will be omit-
ted, bearing in mind that single locus statistics require these three
variables. The statistics for polygenic systems will not have any sub-
script. These statistics depend on the vector (Nu, NG, No, Na) which
will also be left implicit. However, some formulas (one and multi-
ple loci) sometimes require evaluation of the parameters at different
values. In those cases I will express this dependence explicitly. For
example if I were to evaluate a given statistic X at a mutation rate
Np+1 (as it will be necessary to point out some properties and simpli-
fications on the implementations) and at a selective gradient of gy I'd
write (X)nu—nu+1,N8=Ng~). Where the rest of the parameters are left
untouched (in this case, No and Na).

D.2.1 Stdtistics for traits with a single locus

The distribution of allele frequencies and the partition function

e Distribution of allele frequencies

Vo(piNu,NB,No) := e (D.55)

= Z% exp [2NB(2p — 1) + 4Nop(1 — p) + 4N plog(p(1 — p))] -

e Partition function. The partition function for the statistics of sin-
gle locus characters under SSMD, unfortunately cannot be anal-

litically integrated to give a closed solution. Yet properties and
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D.2. STABILIZING SELECTION

relations exist that simplify calculations and give understanding
of the dynamics.

Ly(Nu,NB,No) = Ly (D.56)

/dp 1-p

x exp[2NB(2p — 1) +4Nop(1 — p) + 4N plog[p(1 — p)]] -

— Approximation in series. For practical purposes, it is sometimes
useful to represent the partition function as a series, expanding
over o, which yields the following expression:

Ty ~ /2 8Ny (D.57)

el , 1 16No)*
x E F(4Np 1) oFy <4NM+§+Z§(NB)2)%
i=0 ’

The series is convergent, and numerically can be computed using
Aitken’s method (Abramowitz and Stegun, 1972, Sect. 3.9.5, p.
18), since the Hypergeometric function decreases exponentially
fast with the expansion index i. However, for weak N3 between
8 and 10 terms would be enough for a precision of ~ 107°. For
strong N between 15 and 20 terms would give that precision.
The calculations using the series are usually faster than the nu-
merical or Monte Carlo integration.

Genetic mutation variability
e Definition. As in Eq. D.5.
e Expectancy

_ Olog(Zy)
(Uhe = 2NOu

1
:/ Utedp
0

e Variance. Calculated from the definition (see Eq. D.60 below)

(D.58)

e Variance.

var(U) = (U?) — (U)? . (D.59)
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Square genetic mutation variability

e Expectancy

1
<U2>g=/ Utpedp (D.60)
0

‘Genetic variance’ of mutational variability
e Definition. As in Eq. D.9.

e Expectancy

Lo(Npu=Nu—1/4)

(H)ye=—4+2 (D.61)
Zg
Mean trait
e Definition. As in Eq. D.12
e Expectancy
_ 0log(Ze) (D.62)

Bl ="ono5

1
- / Zedp
0

e Variance. Calculated from the definition (see Eq. D.65 below)

var(z) = (%) — ()% . (D.63)
Squared mean trait
e Definition
72 =(2p —1)° (D.64)
=1-—2v
e Expectancy
(F)e=1-2(v) (D.65)
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D.2. STABILIZING SELECTION

Genetic variance
e Definition. As in Eq. D.18.

e Expectancy
Lo(Np=Nu+1/4)

Wye=2 Ze

Third moment of allele frequencies
e Definition
ms, = zv2(2p — 1)(1 — p)p
o Expectancy

(m3.) =(2v)e = (B)oNu=Npu+1/4){V)e
_NB, ., 2Np

_NO'<V>Z No (2)e
Fourth moment of allele frequencies

e Definition
ma, =72v=202p—1)°(1—p)p

e Expectancy

(ma) E<52V>é = <52>Z(Nu:1\m+1/4) (V)e

_ ((NW _ 2NuNgB
No

D.2.2 Statistics for polygenic traits with

unequal effects

+ 4NM) vy~ 2N (), oy

(D.66)

(D.67)

(D.68)

(D.69)

(D.70)

(D.71)

The computation of multi-locus statistics requires some tricks. There
are several options. The first, is to compute the multidimensional inte-
grals using Monte Carlo sampling. This is the least desirable, specially
when the distribution of allele frequencies has most of the density near
the borders (e.g. under disruptive selection, when we select for genetic

variance, and/or at low mutation rates).
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However, a neat approach is to transform the integrals from the
variables p — r = p(1 — p). Then they are much better behaved to
deal numerically (the peaks near the borders are not so steep, and the
density is spread across the interval r € (0,1/4). Then this integral can
be partitioned to sum around the borders p = {0,1}, and adding the
results of the 2% corners.

Another option, the one taken for now to achieve some level of an-
alytic results, is to integrate the space of n variables (5 = {pe}r—1)
constraining that they conform to a given value of the mean trait, and
then integrate in the space of traits. In Section 7.2 I already showed
how this method goes. I will focus now in the ways to compute the
expectances out of it.

Remarks about the notation. In this section I will use the following
notation. Quantities (A),, are per-locus statistics, as above, but eval-
uated with scaled the scaled arguments N3 — v,Nj3 and No — vZNo.
That is

<A>W = <A>Z(Nu,'ygNﬁ,'yg2Na') .
Partition function

(2N
\/pTa/ { ﬂ } HZe (Np—— iy dw  (D.72)

(This is the same as Eq. 7.10). If we call

p [— (QNﬁ)Q} (D.73)

Zep =

2N« o 8Na

Tag = H Ze (D.74)

we notice that:

1. Zgp is a Gaussian function only of «, 5 and iw ,
2. Zaq is a function only of o, 1 and iw,

Z is the convolution (in the variable 2N ) of the ‘extensive’ single
loci partition functions (without epistasis) (Zaq), and the Gaus-
sian distribution which induces the epistatic coupling (Zgp).
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D.2. STABILIZING SELECTION

Partitioning into the two terms, and expressing Z as a convolution
simplifies the calculations and the notation. The convolution is defined
as:

[Fi@) * Foa)] () 1:/ Fro)Faog—w)dw .
— 00

Thus we can write the partition function as

Z = [Zaa * Zrp]2np) > (D.75)

form equivalent to Eq. D.72, but in convolution notation. The con-
volution brackets are ‘permeable’ to the derivatives withe respect to
any of the parameters. Thus the statistical mechanical methods of
calculating the observables from the partition function apply.

Genetic mutational variability

e Definition

U=2)log[pe(1 - pe)] (D.76)
=1
e Expectancy

_ Olog(Z)
<U>é —W (D.77)
=zt |KZAd Z(U)w> * zEpﬂ (D.78)

¢ (2NB)

(D.79)

Squared mutational genetic variability

u*=z"" H(Zm i(U%g) * ZEpﬂ (D.80)

(2NB)

‘Genetic variance’ of mutational variability

e Definition .
H=2Y (lpe(1—p)] ™" —2) (D.81)
=1
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e Expectancy

LZ(Np=Np-1/4)

(HY =—4n+2 7 (D.82)
=z! I[(ZMZ<H)W> *ZEP]| (D.83)
‘ (2NB)
Mean trait
e Definition
zZ= Z’Y@@pe -1) (D.84)
=1
o Expectancy
0log(Z
(2) = 2;% ﬁ) (D.85)
B —2N§3
o e ()
A ANa ") | np
Squared mean trait
o Expectancy
dlog(Z
(2) = 2;%(&) (D.86)
_ 2NB — 16N«
=z " [[ZM * (ZE 7”] (D.87)
P (8Na)? (2N g)
Cubic mean ftrait
o Expectancy
_ _ 8Na +2NB(16Na — 8N 3)
(Zy=2z"" HZ a4 * ( : Zg (D.88)
A (8Na)? "I ons
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Quartic mean ftrait

o Expectancy

<54> = (D.89)

1 (2N3 — 16Na)? + 2(16Na)? — 128NaN S
7 ZAd * 1 ZEP
(8Na) (2N B)

Genetic variance
e Definition

v, =2 pre(l — pe) (D.90)

=1

¢ Expectancy

LZ(Np=Nu+1/4)
Z

=z H(ZM Zﬁ<yz>w> * ZEP]] (D.92)
£

(2NB)

(v.) =2 (D.91)

Squared genetic variance

o Expectancy

@y =z2"" H(Zm Zv?(ﬁM) * ZEpﬂ (D.93)
¢ (2NB)
Third moment of allele frequencies

o Definition

maz =7 2(1 = 2pe)(1 — pe)pe (D.94)
=1

e Expectancy

ms, = —2"" |[<ZAdZ'Y?<ZV>W> * ZEpﬂ (D.95)
¢

(2NB)
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Fourth moment of allele frequencies

e Definition

ma. =2 i (2pe — 1)*(1 — pe)pe (D.96)

e Expectancy
(ma,) = |[<ZAd ZW Z°v) ) *ZEpﬂ (D.97)
(2NB)

Crossed moment: mean trait and mutational genetic variability

(zU) = H(ZM > Uw) < ﬁ\]]\f Zg )ﬂ (D.98)

(2NB)

Crossed moment: squared mean trait and mutational genetic
variability

(V) = ﬂ(z‘“z ) <W2Ep)ﬂ (D.99)

(2NB)

Crossed moment: mean trait and genetic variance

(o) =2 H(z Zv?@zm) (G2 Z)ﬂ (D.100)
V4

(2NB)

Crossed moment: squared mean trait and genetic variance

(Fv.) = |[<ZAd S R () )* <W2Ep>ﬂ (D.101)

(2NB)

Crossed moment: mean trait and third moment of
allele frequencies

(zma,) = -7~ " H(ZM Zg: o <zu>w> % ( _ﬁvj\;ﬂ ZEP)H (D.102)

(2NB)
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Covariances of A; A, (not including the traits)

cov(Aj, Ax) =

z |[<ZAd irﬂ? <Aj>’nz <Ak>’w, + cov(4;, Ak)w) * ZEPH - <Aj><Ak>
4

(2Np)
(D.103)
Variances of 4; (not including powers of the traits)
From the previous identity, it follows that
var(A;) =
z |[<ZAd D (A3, +Var(Aj)w> * ZEpﬂ —(4,)*. (D.104)
£

(2NB)
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