Appendix A

For lock-free dynamic hash tables

A.1 Invariants

Some abbreviations.

Find(r, a) £ r =null V a = ADR(r)
LeastFind(a, n) = (Vm < n: -Find(Y[key(a, curSize, m)], a))
A Find(Y[key(a, curSize, n)], a))
LeastFind(h, a, n) 2 (Vm < n:—Find(h.table[key(a, h.size, m)], a))
A Find(h.tablelkey(a, h.size, n)], a))

Axioms on functions key and ADR.

Axl: v=null = ADR(v)=0
Ax2: 0<key(a, I, k)<l
Ax3: 0<k<m<l = key(a, I, k) # key(a, I, m)

Main correctness properties

Col: pc=14 = val(rz) =rSs

Co2:  pc€{25,26} = sucge = sucSge
Co3:  pc € {41,42} = sucins = SucSins
Cnl: pc=14 = cntg=1

Cn2: pc€{25,26} = cntge =1

Cn3: pc e {41,42} = cntips =1

Cn4: pc=>57 = cntgss =1

The absence of memory loss is shown by
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Nol: #(nbSetl) <2x P
No2: #(nbSetl) = #(nbSet2)

where nbSetl and nbSet2 are sets of integers, characterized by

nbSet1 {k| k < H_index A Heap(k) # L}
nbSet2 = {i|H(i)#O0V 3r:per=T1Niar=1)}

Further, we have the following definitions of sets of integers:

deSetl = {k|k < curSize A Y[k] = del}

deSet2 = {r|index.r = currInd A pc.r =25 A SuCqer.T}

deSet3 = {k|k < H(next(currInd)).size A H(next(currInd)).table[k] = del}
ocSetl = {r|index.r # currInd

V pe.r € [30,41] V pe.r € [46,57] V pe.r € [59,65] A returnga.r > 30
V per € [67,72] A (returnpa.r = 59 A returnga.r > 30
V returnga.r = 90 A returnges.r > 30)
V (pe.r =90 V pe.r € [104,105]) A return,es.r > 30}
ocSet2 = {r|per >125 A byp.r A tor =H(currInd)}
ocSet3 = {r|index.r = currInd A pc.r = 41 A sucps.r

V index.r = currInd A pc.r = 57 A 74ss.7 = null}

ocSetd = {k|k < curSize A val(Y[k]) # null}
ocSet5 = {k|k < H(next(currInd)).size A val(H(next(currInd)).table[k]) # null}
ocSet6 = {k|k < H(next(currInd)).size A H(next(currInd)).table[k] # null}
ocSet7 = {r|pcr >125 A byg.r A to.r = H(next(currInd))}
prSetl(i) = {r]index.r =i A pc.r ¢ {0,59,60}}
prSet2(i) = {r|index.r =i A pcr € {104,105} V i,4.r =i A index.r # i A per € [67,72]
V oippr =i Aper € [81,84] V ipg.r =i A pcr > 97}
prSet3(i) = {r]index.r =i A pc.r € [61,65] U [104,105] V i,.a.r =i A per =72
V oippr=1Aper € [81,82] V imig.r =1 A per € [97,98]}
prSetd(i) = {r|index.r =i A pcr € [61,65] V ipg.r =i A pcr € [97,98]}
buSet1(i) = {r|indexr=14 A (per € [1,58] U (62,68] A pc.r # 65
V per € [69,72] A returnya.r > 59 V per > 72)}
buSet2(i) = {r|index.r =14 Apcr =104 V ipa.r =i A index.r # i A pc.r € [67,68]

V o ippr =i Aper €[82,84] V imig.r =1 A per > 100}
We have the following invariants concerning the Heap

Hel: Heap(0)= 1
He2: H(i) # 0 = Heap(H(7)) # L
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He3: Heap(H(currInd)) # L

Hed: pc € [1,58] V pc > 65 A —(pc € [67,72] Airga = index) = Heap(H(index)) # L
He5: Heap(H(i)) # L = H(i).size > P

He6: next(currInd) # 0 = Heap(H(next(currInd))) # L

Invariants concerning hash table pointers

Hal: H_index >0

Ha2: H(i) < H_index

Ha3: i# j AHeap(H(i)) # L = H(»i) #H(j)

Ha4: index # currInd = H(index) # H(currInd)

Invariants about counters for calling the specification.

Cnb5: pce[6,7] = cntg =0
Cn6: pce[8,13] V pc € [59,65] A returngs = 10
V pc € [67,72] A (returnya = 59 A returnga =10 V return,a = 90 A return,.s = 10)
vV pc > 90 A return,ey = 10
= cntg = f4(rs =null V ag = ADR(r5))
Cn7: pc€[16,21] Apc# 18 V pe € [59,65] A returngs = 20
V pc € [67,72] A (returnya = 59 A returnga =20 V returnya = 90 A return,. = 20)
vV pc > 90 A return,ey = 20
= cntge =0
Cn8: pc=18 = cntge = §(rge; = null)
Cn9: pc€[28,33] V pc € [59,65] A returngs = 30
V pc € [67,72] A (returnya = 59 A returnga = 30 V returnya = 77 A return,r = 30)
vV returnyg = 90 A returng = 30
V pc € [77,84]) A return,t =30 V pc > 90 A returnges = 30
= cntips =0
Cnl0: pc € [35,37] V pc € [59,65] A returnga = 36
V pc € [67,72] A (returnya = 59 A returnga = 36 V returnya = 90 A return..s = 36)
V pc > 90 A returnges = 36
= ntins = Hains = ADR(Tins) V SUCins)
Cnll: pc € [44,52] V pc € [59,65] A returnga € {46,51}
vV pc €[67,72] A (returnra = 59 A returnga € {46,51}
V returnya = 77 A returng,r =46 V return,s = 90 A return,qe; € {46,51})
V pc € [T7,84] A returny,r =46 V pe > 90 A return,es € {46,51}
= cntgss =0

Invariants about old hash tables, current hash table and the auxiliary hash table Y.

Here, we universally quantify over all non-negative integers n < curSize.
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Cul:

Cu2:
Cu3:
Cu4:
Cub:
Cub6:
Cur:
Cus:
Cu9:

Culo:

Cull:
Cul2:
Cul3:

Cul4:
Culb:
Culé:

H(index) # H(currInd) A k < H(index).size

A (pc € [1,58] V pc> 65 A =(pc € [67,72] A ira = index)

= H(index).table[k] = done

t({k | k < curSize A Y[k] # null}) < curSize

H(currInd).bound + 2 x P < curSize

H(currInd).dels + #(deSet2) = f(deSetl)

Cub has been eliminated, but the numbering has been kept.
H(currInd).occ + f(ocSetl) + §(ocSet2) < H(currInd).bound + 2 x P
8({k | k < curSize A Y[k] # null} = H(currInd).occ + (ocSet2) + #(ocSet3)
next(currInd) =0 = - oldp(H(currInd).table[n])
—(oldp(H(currInd).table[n])) = H(currInd).table[n] = Y[n]
oldp(H(currInd).table[n]) A val(H(currInd).table[n]) # null

= val(H(currInd).table[n]) = val(Y[n])

LeastFind(a,n) = X(a) = val(Y[key(a, curSize, n)))

X(a) = val(Y[key(a, curSize ,n)]) # null = LeastFind(a, n)

X(a) = val(Y[key(a, curSize, n)]) # null A n # m < curSize

= ADR(Y[key(a, curSize, m)]) # a

X(a) = null A val(Y[key(a, curSize, n)]) # null = ADR(Y[key(a, curSize, n)]) # a

X(a) # null = Im < curSize : X(a) = val(Y[key(a, curSize, m)])
A(f : {m: 0 < m < curSize) A val(Y[m]) # null} —
{v:v#null A (3k < curSize : v = val(Y[k]))}]) : f is bijective

Invariants about next and next(currInd):

Nel:
Ne2:
Ne3:
Ne4:
Neb5:
Neé6:

NeT7:

NeS8:

Ne9:

Ne9a:
NelO:

currlnd # next(currInd)

next(currInd) # 0 = next(next(currInd)) =0

pe € [1,59] V pc > 62 A pc # 65 = index # next(currInd)

pe € [1,58] V pc > 62 A pc # 65 = index # next(index)

pe € [1,58] V pc > 62 A pc # 65 A next(index) =0 = index = currInd
next(currInd) # 0

= f#(ocSet6) < §({k | k < curSize A Y[k] # null} — H(currInd).dels — f(deSet2)
next(currInd) # 0

= H(currInd).bound — H(currInd).dels + 2 * P < H(next(currInd)).bound
next(currInd) # 0

= H(next(currInd)).bound + 2 * P < H(next(currInd)).size
next(currInd) # 0 = H(next(currInd)).dels = f(deSet3)

next(currInd) # 0 = H(next(currInd)).dels =0

next(currInd) #0 A k < h.size = h.table[k] ¢ {del, done},

where h = H(next(currInd))
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Nell:

Nel2:

Nel3:

Nel4:

Nelb:

Nelé:

Nel7:

NelS:

Nel9:

Ne20:

Ne21:
Ne22:
Ne23:
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next(currInd) # 0 A k < H(next(currInd)).size
= -—oldp(H(next(currInd)).table[k])
k < curSize A H(currInd).table[k] = done A m < h.size A LeastFind(h, a, m)
= X(a) = val(h.table[key(a, h.size, m)]),
where a = ADR(Y[k]) and h = H(next(currInd)))
k < curSize A H(currInd).table[k] = done A m < h.size
A X(a) = val(h.table[key(a, h.size, m)]) # null
= LeastFind(h, a, m),
where a = ADR(Y[k]) and h = H(next(currInd))
next(currInd) #0A a # 0 A k < h.size A X(a) = val(h.table[key(a, h.size, k)]) # null
= LeastFind(h, a, k),
where h = H(next(currInd))
k < curSize A H(currInd).table[k] = done A X(a) # null
Am < h.size A X(a) = val(h.table[key(a, h.size, m)]) An < h.size Am #n
= ADR(h.table.lkey(a, h.size, n)]) # a,
where a = ADR(Y[k]) and h = H(next(currInd))
k < curSize A H(currInd).table[k] = done A X(a) = null A m < h.size
= val(h.table[key(a, h.size, m)|) = null
V ADR(h.table[key(a, h.size, m)]) # a,
where a = ADR(Y[k]) and h = H(next(currInd))
next(currInd) # 0 A m < h.size A a = ADR(h.table[m]) # 0
= X(a) = val(h.table[m]) # null,
where h = H(next(currInd))
next(currInd) # 0 A m < h.size A a = ADR(h.table[m]) # 0
= In < curSize : val(Y[n]) = val(h.table[m]) A oldp(H(currInd).table[n]),
where h = H(next(currInd))
next(currInd) # 0 A m < h.size A m # n < h.size
A a = ADR(h.tablelkey(a, h.size, m)]) #0
= ADR(h.table[key(a, h.size, n)]) # a,
where h = H(next(currInd))
k < curSize A H(currInd).table[k] = done A X(a) # null
= JIm < h.size: X(a) = val(h.table[key(a, h.size, m))]),
where a = ADR(Y[k]) and h = H(next(currInd))
Ne21 has been eliminated.
next(currInd) # 0 = f#(ocSet6) = H(next(currInd)).occ + f(ocSetT)
next(currInd) # 0
= H(next(currInd)).occ < H(next(currInd)).bound
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Ne24:
Ne25:

Ne26:

Ne27:

next(currInd) # 0 = f(ocSet5) < f(ocSetd)
next(currInd) # 0
= 3(f:[{m:0<m < h.size A val(h.table[m]) # null} —
{v:v#null A (3k < h.size : v = val(h.table[k]))}]): f is bijective,
where h = H(next(currInd))
next(currInd) # 0
= 3(f:{v:v#null A (Im < h.size: v = val(h.table[m]))} —
{v:v#null A (3k :< curSize : v = val(Y[k]))}]) : f is injective,
where h = H(next(currInd))
next(currInd) # 0 A (In < h.size : val(h.table[n]) # null)
= 3(f:[{m:0<m < h.size A val(h.table[m]) # null} —
{k:0 <k < curSize A val(Y[k]) #null}]) : f is injective,
where h = H(next(currInd))

Invariants concerning procedure find (5. ..14)

fil:
fi2:
fi3:
fid:
fi5:
fi6:

fi7:

fi8:
fi9:

fi10:
fill:

af #0

pce {6,11} = nz =0

pc € {7,8,13} = Iz = hp.size

pc € [6,13] A pc # 10 = hy = H(index)

pc="TA hj =H(currInd) = ng < curSize

pc =8 A hi = H(currInd) A —=Find(rs, ag) A rp # done
= - Find(Ylkey(ap, curSize, ng)], ag)

pc =13 A hg = H(currInd) A =Find(rg, ag) Am < ng
= —Find(Y[key(ap, curSize, m)], as)

pc € {7,8} A hg =H(currInd) A m < np = —Find(Y[key(ap, curSize, m)], az)

pc="TAFind(t, ag) = X(ag) = val(t),

where t = hg.tablelkey(as, s, nf)

pc ¢ (1,7 A Find(rg, ag) = val(rg) =rSg

pc =8 A oldp(rg) A index = currInd = next(currInd) # 0

Invariants concerning procedure delete (15...26)

del:
de2:
de3:
de4:
deb:
de6:
de7:

ager # 0

pe € {17,18} = lge; = hger.size

pe € [16,25] A pe # 20 = hge = H(index)

pc=18 = kg = key(adet, ldet, Ndel)

pe € {16,17} V Deleting = —sucge

Deleting N sucSge; = 7T4e; 7 null

pc =18 A = oldp(hgei-tablelkge]) = hder = H(currInd)
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de8: pc € {17,18} A hge; = H(currInd) = mnge < curSize
de9:  pc =18 A hge; = H(currInd) A (val(rge) # null V rge = del)
= r#null A (r =delV ADR(r) = ADR(r4.1)),
where r = Y[key(ager, hder-size, nger)]
del0: pc € {17,18} A hgey = H(currInd) A m < nge) = —Find(Y[key(agde, curSize, m)], ager)
dell: pc e {17,18} A Find(t, ager) = X(agder) = val(t),
where t = hger.table[key(ader, ldel, Mdel)]
del2: pc =18 A oldp(r4e) A index = currInd = next(currInd) # 0
del3: pc=18 = kg < H(index).size

Deleting is characterized by

Deleting = pc € [18,21] V pe € [59,65] A returngs = 20
V pc € [67,72] A (returnya = 59 A returnga = 20 V returnya = 90 A returnge = 20)
vV pc > 90 A return,ey = 20

Invariants concerning procedure insert (27...52)

inl:  apms = ADR(Vins) A Vins # null
in2:  pc€[32,35] = lins = hins.size
in3:  pc € [28,41] A pc ¢ {30,36} = hyns = H(index)
ind:  pc € {33,35} = kins = key(@ins, lins, Mins)
in5:  pc € [32,33] V Inserting = —1SUCins
in6:  Inserting A sucSins = ADR(7ins) # Qins
in7:  pc=35A - oldp(hips.table[kins]) = hins = H(currInd)
in8:  pc € {33,35} A hjns = H(currInd) = nyps < curSize
in9:  pc=35A hjns = H(currInd) A (val(rins) # null V ry, = del)
= r#null A (r =delV ADR(r) = ADR(rns)),
where r = Y[key (@ins, Nins-Siz€, Nins)]
in10: pc € {32,33,35} A hips = H(currInd) A m < Nips
= - Find(Y[key(ans, curSize, m)|, @ins)
inll: pc € {33,35} A Find(t, aimms) = X(ains) = val(t),
where t = hj,s.table[key (ains, lins, Mins)]
in12:  pc =35 A oldp(rins) A index = currInd = next(currInd) # 0
in13: pc=35 = kins < H(index).size

Inserting is characterized by

Inserting = pc € (35,37 V pc € [59,65] A returnga = 36
V pc € [67,72] A (returnya = 59 A returnga = 36 V returnya = 90 A return,.s = 36)
V pc > 90 A return,es = 36
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Invariants concerning procedure assign (43...57)

asl:
as2:
as3:
as4:
asb:
as6:

as7:

ass:

as9:

aslo0:
asll:

@ass = ADR(Vgss) A Vgss 7 null

pe € [48,50] = luss = hass-Size

pe € [44,57] A pc ¢ {46,51} = hgss = H(index)

pe € {49,50} = kuss = key(aass, lasss Mass)

pe =50 A = oldp(hgss-table[kgss]) = hass = H(currInd)

pc =50 A hgss = H(currInd) = ngss < curSize

pc =50 A hgss = H(currInd) A (val(rqss) # null V rqe = del)
= r#null A (r =del V ADR(r) = ADR(r4ss)),

where r = Y[key(aass, Rass-Si2€, Nass)]

pe € {48,49,50} A hgss = H(currInd) A m < ngss

= —Find(Y[key(aqss, curSize, m)], Gass)

pe =50 A Find(t, agss) = X(aqss) = val(t),

where t = hygs.tablelkey(aass, lass, Mass)]

pe = 50 A oldp(rgsssign) A index = currInd = next(currInd) # 0
pc =50 = kgss < H(index).size

Invariants concerning procedure releaseAccess (67...72)

rAl:
rA2:
rA3:
rA4:
rA5:
rA6:
rA7:

rAS8:
rA9:

rAl10:
rAll:
rAl2:
rAl13:
rAl4:

hr-a < H_index

pe € [70,71] = hya #0

pc="7T71 = Heap(hra) # L

pc=T71 = H(i;a)=0

pc="T1 = hya #H(i)

pc =70 = H(ira) # H(currInd)

pe="T0 A (pe.r € [1,58] V pe.r > 65 A =(pe.r € [67,72] A ipa.r = index.r))
= H(ira) # H(index.r)

pc="T0 = i,4 # next(currInd)

pe € (68,72 A (hra =0V hya # H(ina)) = H(ira) =0
pe € [67,72] A return,a € {0,59} = 4,4 = index

pe € [67,72] A return,ya € {77,90} = i,4 # index

pe € [67,72] A return,a = 77 = next(index) # 0
pc=TLApcr=TLAp#T = hppg # hpar
pc=TLApcr=TLAPpH#T = ipg F Gra.T

Invariants concerning procedure newTable (77...84)

nT1:
nT2:

pe € [81,82] = Heap(H(inr)) =L
pc € [83,84] = Heap(H(inr)) # L
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nT3:
nT4:
nTh:
nT6:
nT7:

nT§:
nT9:

nT10:
nT11:
nT12:
nT13:

nT14:
nT15:
nT16:
nT17:
nT18:
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pc =84 = mnext(i,r)=0

pe € [83,84] = H(ipr).dels =0

pe € [83,84] = H(inr).occ =0

pc € [83,84] = H(i,r).bound + 2 * P < H(i,1).5ize

pe € [83,84] A index = currInd

= H(currInd).bound — H(currInd).dels + 2« P < H(i,7).bound
pe € [83,84] A k < H(inr).size = H(inr).table[k] = null

pc € [81,84] = in,r # currInd

[81,84] A (pc.r € [1,58] V pe.r > 62 A pe.r # 65) Implies i, # index.r
[

[

]

pc € JA
81,84] = i,7 # next(currInd)

]

I A

pc €
pe € [81,84] = H(inr) # H(currInd)

pe € [81,84] A (pe.r € [1,58] V pe.r > 65 A —(pe.r € [67,72] Aipa.r = index.r))
= H(inr) # H(index.r)

pc € [81,84] A per € [67,72] = ipp # dra.r

[83,84] A pe.r € [67,72] = H(inT) # H(ira.r)

pc € [81,84] Aper € 81,84 Ap # 1 = ipp FinT.T

pe € [81,84] A pe.r € [95,99] A index.r = currInd = ip7 # lmig.T

pc € [81,84] Aper > 99 = QT F Gmig.T

pc e

Invariants concerning procedure migrate (94...105)

mil:
mi2:
mi3:
mi4:
mib:

mib6:

mi7:

mi8:

mi9:
mil0:

mill:
mil2:
mil3:
mil4:

pc =98V pc € {104,105} = index # currInd

pc > 95 = iy # index

pc =94 = next(index) >0

pc>95 = i #0

pe > 95 = iy, = next(index)

pe.r =70 A (pe € [95,102) A index = currInd V pe € [102,103] V pc > 110)

= QAT F mig

pe € [95,97] A index = currInd V pc > 99 = i,y # next(imig)

(pc € [95,97] V pc € [99,103] V pc > 110) A index = currInd

= next(imi) =0

(pc € [95,103] V pc > 110) A index = currInd = H(imig) # H(currInd)

(pc € [95,103] V pc > 110) A index = currInd A (pe.r € [1,58] V pe.r > 62 A pe.r # 65)
= H(imig) # H(index.r)

pe =101 A index = currInd V pc = 102 = Apig = H(imig)

pc > 95 A index = currInd V pc € {102,103} V pc > 110 = Heap(H(imig)) # L
pc =103 A index = currInd A k < curSize = H(index).table[k] = done

pe =103 A index = currInd A n < H(ipmg).size A LeastFind(H(imig), a, n)

= X(a) = val(H(imig) [key (a, H(imig).size, n)])
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milb:

mil6:

mil7:

mil8:

mil9:

mi20:

pe =103 A index = currInd A n < H(imqg).size

A X(a) = val(H(imiq)-table[key(a, H(imig).size, n)] # null
= LeastFind(H(imig), a, n)

pc =103 A index = currInd A k < H(imiq).s1ze

= —0ldp(H(imig) - table[k])
pe =103 A index = currInd A X(a) # null A k < h.size

A X(a) = val(h.table[key(a, h.size, k)]) Ak #n < h.size
= ADR(h.table.[key(a, h.size, n)]) # a,

where h = H(imig)
pe =103 A index = currInd A X(a) = null A k < h.size

= val(h.table[key(a, h.size, k)]) = null V ADR(h.tablelkey(a, h.size, k)]) # a,

where h = H(ism,g)
pe =103 A index = currInd A X(a) # null
= JIm < h.size: X(a) = val(h.table[key(a, h.size, m)],
where h = H(ism,g)
pe =117 A X(a) # null A val(H(index).table[i,,¢]) # null
V pc > 126 A X(a) # null A index = currInd
V pc =125 A X(a) # null A index = currInd

A (bmp V val(wyg) # null A ap = ADR(wimE))
= Jm < h.size: X(a) = val(h.table[key(a, h.size, m)]),
where a = ADR(Y[imc]) and h = H(next(currInd))

Invariants concerning procedure moveContents (110...118):

mC1:
mC2:
mC3:
mC4:
mC5:
mC6:
mC7:
mCS8:
mC9:

mC10:

mC11:

pc =103V pc > 110 = t0 = H(im,g)

pc > 110 = from = H(index)

pe > 102 A m € toBeMoved = m < H(index).size

pc=111 = Im < from.size: m € toBeMoved

pc> 114 A pc # 118 = v,c # done

pc > 114 = i,¢ < H(index).size

pc =118 = H(index).tableli,,¢] = done

pe > 110 A k < H(index).size A k ¢ toBeMoved = H(index).table[k] = done
pc > 110 A index = currInd A toBeMoved = () A k < H(index).size
= H(index).table[k] = done

pe > 116 A val(v,e) # null A H(index).table[i,,c] = done

= H(imig) - table[key(a, H(imiqg).size, 0)] # null,

where a = ADR(vp )
pe > 116 A H(index).table[i,,¢] # done

= val(vme) = val(H(index).table[in,c]) A oldp(H(index).table[im,c])
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mC12: pc > 116 A index = currInd A val(vp,c) # null

= val(vme) = val(Y[ime])

Invariants concerning procedure moveElement (120...126):

mE1:
mE2:
mE3:
mFE4:
mE5:
mE6:
mE7:
mES:
mE9:

mE10

mFE11

mE12

mFE13

mE14

mFE15

mFE16

pc > 120 = val(vime) = vme
pc>120 = v,p # null
pe > 120 = to = H(imig)
pc > 121 = amp = ADR(vme)
pc > 121 = my,g = to.size
pe e {121,123} = —bnp
pc =123 = kg = key(ampg, to.size, n,g)
pe > 123 = kpp < H(imig).size
pc =120 A to.tablelkey (ADR(vpg), to.size, 0)] = null
= index = currInd
: pe € {121,123} A to.table[key(amp, to.size, n,g)|] = null
= index = currInd
: pe € {121,123} A pe.r = 103 A to.table[key(amp, to.size, N,g)] = null
= index.r # currInd
: pc € {121,123} A next(currInd) # 0 A to = H(next(currInd))
= nmp < H(next(currInd)).size
- pe € {123,125} A wpp # null
= ADR(wmpg) = ADR(to.tablelk,g]) V to.table[k,g] € {del, done}
s pe> 123 Awpp # null = H(ing).table[k,,g] # null
s pe =117 A val(vpme) #null vV pe € {121,123} Anye >0 V pc =125
= h.tablelkey(ADR(vyc), h.size, 0)] # null,
where h = H(imig)
s pe € {121,123}
V (pc =125 A =bpmp A (val(wmp) = null V a,p # ADR(wmEg)))
= Vm < ng,g: —Find(to.table[key(amp, to.size, m)|, amg)

Invariants about the integer array prot.

prl:
pr2:
pr3:
pr4:
pra:
pré6:
prv:

prot[i] = f#(prSetl(i)) + #(prSet2(i)) + #(currInd =14) + f(next(currInd) =)
prot[currInd] > 0

pc € [1,58] V pc > 62 A pc # 65 = protlindex] > 0

next(currInd) # 0 = prot[next(currInd)] > 0

prot[i] =0 = Heap(H[i]) = L

prot[i] < #(prSet3(i)) A busy[i] =0 = Heap(H[i]) = L

pc € [67,72] = prot[ira] >0
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pr8:  pc € [81,84] = protfi,r] >0
pr9:  pc>97 = protfimg] >0
prl0: pc € [81,82] = protli,r| = (prSetd(inr)) + 1

Invariants about the integer array busy.

bul: busyli] = #(buSetl(i)) + f(buSet2(i)) + #(currInd =1i) + f(next(currInd) = 1)
bu2:  busy[currInd] >0
bu3: pc e [1,58] V pc> 65 A —(ia = index A pe € [67,72])
= busylindex] > 0
bu4: next(currInd) #0 = busy[next(currInd)] >0
bu5: pc=81 = busyli,r] =0
bu6: pc>100 = busy[img] > 0

Some other invariants we have postulated:

Otl: X(0) = null
Ot2: X(a) #null = ADR(X(a))=a

The motivation of invariant (Otl) is that we never store a value for the address 0. The
motivation of invariant (Ot2) is that the address in the hash table is unique.

Ot3:  returngs = {1, 10, 20, 30, 36,46, 51} A return,a = {0,59, 77,90}
A returng; = {10, 20,30, 36,46, 51} A return,r = {30,46}
Ot4: pce {0, 1,5, 6, 7,8, 10, 11, 13, 14, 15, 16, 17, 18, 20, 21, 25, 26, 27, 28, 30,
31, 32, 33, 35, 36, 37, 41, 42, 43, 44, 46, 47, 48, 49, 50, 51, 52, 57, 59, 60,
61, 62, 63, 65, 67, 68, 69, 70, T1, 72, 77, 78, 81, 82, 83, 84, 90, 94, 95, 97,
98, 99, 100, 101, 102, 103, 104, 105, 110, 111, 114, 116, 117, 118, 120, 121,
123, 125, 126}

A.2 Dependencies between invariants

Let us write “p from 1, --- ,1,” to denote that ¢ is proved to be an invariant using that
Y1, ..., ¥, hold. We write “¢ < 1,--- ,9,” to denote that predicate ¢ is implied by
the conjunction of ¥y, ..., ¥,. We have verified the following “from” and “<” relations
mechanically:

Col from fil0, Ot3, fil
Co2 from deb, Ot3, de6, del, dell
Co3 from in5, Ot3, in6, inl, inll



130 Appendix A. For lock-free dynamic hash tables

Cnl from Cn6, Ot3

Cn2 from Cn8, Ot3, del

Cn3 from Cnl0, Ot3, inl, inb

Cn4 from Cnll, Ot3

Nol < No2

No2 from nT1, He2, rA2, Ot3, Ha2, Hal, rAl, rA14, rA3, nT14, rA4

Hel from Hal

He2 from Ha3, rA5, Hal, Hel, rA2

He3, He4 from Ot3, rA6, rA7, mil2, rAll, rA5

He5 from Hel

He6 from rA8, Ha3, mi8, nT2, rA5

Hal from true

Ha2 from Hal

Ha3 from Ha2, Hal, He2, Hel

Ha4 < Ha3, He3, He4

Cn5 from Cn6, Ot3

Cn6 from Cn5, Ot3

Cn7 from Cn8, Ot3, del

Cn8 from Cn7, Ot3

Cn9 from Cnl0, Ot3, inl, inb

Cnl0 from Cn9, Ot3, inb

Cnll from Cnll, Ot3

Cul from Ot3, Ha4, rA6, rA7, nT13, nT12, Ha2, He3, He4, rA11, nT9, nT10, mil3, rA5

Cu2 < Cub, cu7, Cu3, He3, He4

Cu3 from rA6, rA7, nT13, nT12, mi5, mi4, Ne8, rA5

Cu4 from del, inl, asl, rA6, rA7, Ha2, nT13, nT12, Ne9, Cu9, Cul0, de7, in7, asb, He3,
He4, mi5, mi4, Ot3, Ha4, de3, mi9, mil0, de5, rA5

Cub6 from Ot3, rA6, rA7, Ha2, nT13, nT12, Ha3, in3, as3, Ne23, mi5, mE6, mE7, mE10,
mE3, Ne3, mil, mi4, rA5

Cu7 from Ot3, rA6, rA7, Ha2, nT13, nT12, Ha3, in3, as3, in5, mi5, mE6, mE7, mE10, mi4,
mE3, Ne3, de7, in7, ash, Ne22, mi9, mil0, rA5, He3, mil2, mil, Cu9, del, inl, asl

Cu8 from Cu8, Ha2, nT9, nT10, rA6, rA7, mi5, mi4, mC2, mC5, He3, He4, Cul, Ha4,
mC6, mil6, rA5

Cu9, Cul0 from rA6, rA7, nT13, nT12, Ha2, He3, Hed, Cul, Ha4, de3, in3, as3, mE3,
mi9, mil0, mE10, mE7, rA5

Cull, Cul2 from Cu9, Cul0, Cul3, Culd4, del, inl, asl, rA6, rA7, Ha2, nT13, nT12,
He3, He4, Cul, Ha4, in3, as3, mil4, mil5, de3, in10, as8, mil2, Ot2, fi5, de8, in8,
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as6, Culb, dell, inll, rA5

Cul3, Cul4 from He3, He4, Ot2, del, inl, asl, Otl, rA6, rA7, nT13, nT12, Ha2, Cu9,
Cul0, Cul, Ha4, de3, in3, as3, Cull, Cul2, inl0, as8, fi5, de8, in8, as6, Culb, mil7,
mil8, mil2, mi4, dell, rA5

Culb from He3, He4, rA6, rA7, nT13, nT12, Ha2, Cul, Ha4, del, inl, asl, de3, in3, as3,
fi5, de8, in8, asb6, mil2, mil9, mi4, Ot2, Cu9, Cul0, Cull, Cul2, Cul3, Cul4, rA5

Cul6 < Cul3, Cul4, Culb, He3, He4, Otl

Nel from nT9, nT10, mi7

Ne2 from Neb, nT3, mi8, nT9, nT10

Ne3 from Nel, nT9, nT10, mi8

Ne4 from Nel, nT9, nT10

Ne5 from Ot3, nT9, nT10, mib

Ne6 < NelO, Ne24, He6, He3, He4, Cu4

Ne7 from Ha3, rA6, rA7, rA8, nT13, nT12, nT11, He3, He4, mi8, nT7,
Neb, Ha2, He6, rA5

Ne8 from Ha3, rA8, nT11, mi8, nT6, Ne5, rA5

Ne9 from Ha3, Ha2, Ne3, Neb, de3, as3, rA8, rA6, rA7, nT8, nT11, mC2, nT4, mi8, rA5

Ne9a from Ha3, Ne3, rA5, de3, rA8, nT4, mi8

NelO from Ha3, Ha2, de3, rA8, nT11, Ne3, He6, mi8, nT8, mC2, nT2, Neb, rA5

Nell from Ha3, Ha2, He6, nT2, nT8, rA8, nT11, mi8, Ne3, mC2, rA5

Nel2, Nel3 from Ha3, Ha2, Cu8, He6, He3, He4, Cul, de3, in3, as3, rA8, rA6, rA7, nT11,
nT13, nT12, mil2, mil6, mi5, mi4, de7, in7, ash, Ot2, del,inl, asl, Cu9, Cul0, Cul3,
Culd4, Culb, as9, fi5, de8, in8, as6, mC2, Ne3, Otl, Nel4, Ne20, mE16, mE7, mE4,
mE1l, mE12, mE2, Nel5, Nel6, Nel7, Nel8, mi20, dell, inll, rA5

Nel4 from Ha3, Ha2, He6, He3, He4, nT2, nT8, de3, in3, as3, rA8, nT11, Ot2, del, inl, asl,
Cu9, Cul0, mi8, Ne3, mC2, mE7, mE16, mE1, mE4, mE12, Nel7, Nel8, Cul, rA5

Nelb, Nel6 from Ha3, Ha2, Cu8, He6, He3, He4, Cul, de3, in3, as3, rA8, rA6, rA7, nT11,
nT13, nT12, mil2, mil6, mi5, mi4, de7, in7, ash, Ot2, del, inl, asl, Cu9, Cul0, Cul3,
Cul4, Culb, as9, fi5, de8, in8, as6, mC2, Ne3, Otl, Nel9, Ne20, Nel2, Nel3, mE16,
mE7, mE4, mE1l, mE12, mE10, mE2, inl1, dell, rA5

Nel7, Nel8 from Ha3, Ha2, mi8, He6, He3, He4, Cul, nT2, de3, in3, as3, rA8, rA6, rA7,
nT11, nT13, nT12, de7, in7, asb, Ot2, del, inl, asl, Cu9, Cul0, nT8, mE2, fi5, de8, in8,
as6, mC2, Ne3, mC11, mC6, mC12, mE7, mE10, mE1, Cu8, Cul5, Cul3, Cul4, Cull,
Cul2, as&, dell, rA5

Nel9 from Ha3, Ha2, He6, nT2, nT8, de3, in3, as3, rA8, nT11, mi8, Ne3, mE7, Nel4, mE16,
Otl, mE1l, mE4, mE12, Nel7, Nel8, rAb

Ne20 from Ha3, Ha2, Cu8, He6, He3, He4, Cul, Had, de3, in3, as3, rA8, rA6, rA7, nT11,
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nT13, nT12, mil2, mil6, mi5, mi4, Nel, de7, in7, ash, del, inl, asl, Cu9, Cul0, Cul3,
Culd4, Culb, as9, fi5, de8, in8, as6, mC2, Ne3, Otl, mi20, inll, rA5
Ne22 from Ot3, rA8, Ha2, nT11, Ha3, de3, in3, as3, mi5, mi4, Ne3, nT18, mE3, mi8, mE10,
mE7, mE6, Neb, nT5, nT2, rA5, nT8, nT12, mC2, mE2
Ne23 < Cub, cu7, Ne6, Ne7, He3, Hed, Ne22, He6
Ne24 < Ne27, He6
Ne25 <= Nel9, Nel7, Nel8&, He6
Ne26 <= Nel7, Nel8, He6
Ne27 < Cul6, Ne25, Ne26, Nel7, Nel8, Heb6
fil, del, inl, asl from
fi2 from fi2, Ot3
fi3 from fi4, Ot3, rA6, rA7, Ha2, rA5
fi4 from Ot3, rA6, rA7, nT13, nT12
fi5, de8, in8, as6 <« Cu2, del0, inl0, as8, fi8, He3, Hed
fi6 from Ot3, fil, del, inl, asl, rA6, rA7, Ha2, nT13, nT12, mi9, mil0, Cu9, Cul0, He3, He4,
Cul, Had, fi4, in3, as3, rAb
fi7 from fi8, fi6, fi2, Ot3, fil, del, inl, asl, rA6, rA7, Ha2, nT13, nT12, mi9, mil0, Cu9, Culo,
He3, He4, Cul, Ha4, fi4, in3, as3, rA5
fi8 from fi4, fi7, fi2, Ot3, fil, del, inl, asl, rA6, rA7, Ha2, nT13, nT12, mi9, mil0, Cu9, Cul0,
He3, He4, Cul, Ha4, in3, as3, rA5
fi9 <= Cul, Ha4, Cu9, Cul0, Cull, Cul2, fi8, fi3, fi4, fi5, de8, in8, as6, He3, Hed
fil0 from fi9, Ot3
fill, del2, in12, as10 from Ot3, nT9, nT10, mi9, mil0, Cu8, fi4, de3, in3, as3, fi3, de2, in2,
as2
de2 from de3, Ot3, rA6, rA7, Ha2, rA5
de3 from Ot3, rA6, rA7, nT13, nT12
de4, in4, as4 from Ot3
deb from Ot3
de6 from Ot3, del, dell
de7, in7, asb <« de3, in3, as3, Cul, Ha4, del3, inl3, asll
de9 from Ot3, del, inl, asl, rA6, rA7, Ha2, nT13, nT12, mi9, mil0, Cu9, Cul0, de3, de7,
in7, asb, rA5
del0 from de3, de9, Ot3, del, inl, asl, rA6, rA7, Ha2, nT13, nT12, mi9, mil0, Cu9, Culo,
de7, in7, asb, He3, Hed, rA5
dell < del0, de2, de3, He3, He4, Cul, Ha4, Cu9, Cul0, Cull, Cul2, fi5, de8, in8, as6
del3, inl3, asll <= Ax2, de2, de3, de4, in2, in3, in4, as2, as3, asd
in2 from in3, Ot3, rA6, rA7, Ha2, rA5
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in3 from Ot3, rA6, rA7, nT13, nT12

in5 from Ot3

in6 from Ot3, inl, inll

in9 from Ot3, del, inl, asl, rA6, rA7, Ha2, nT13, nT12, mi9, mil0, Cu9, Cul0, He3, He4,
in3, de7, in7, ash, rA5

in10 from in9, fi2, Ot3, del, inl, asl, rA6, rA7, Ha2, nT13, nT12, mi9, mil0, Cu9, Culo,
He3, He4, in3, de7, in7, asb, rA5

inll < inl0, in2, in3, Cul, Ha4, Cu9, Cul0, Cull, Cul2, fi5, de8, in8, as6

as2 from as3, He3, He4, Ot3, rA6, rA7, Ha2, rA5

as3 from Ot3, rA6, rA7, nT13, nT12

as7 from Ot3, del, inl, asl, rA6, rA7, Ha2, nT13, nT12, mi9, mil0, Cu9, CulO0, as3, de7,
in7, asb, rA5

as8 from as7, Ot3, del, inl, asl, rA6, rA7, Ha2, nT13, nT12, mi9, mil0, Cu9, Cul0, He3,
Hed, as3, de7, in7, ash, rA5

as9 < as®, as2, as3, He3, He4, Cul, Ha4, Cu9, Cul0, Cull, Cul2, fi5, de8, in8, as6

rAl from Ha2

rA2 from Ot3

rA3 from Ot3, rA9, He2, Hel, rA2, rA13

rA4 from Ot3, nT14

rA5 from Ot3, rAl, rA2, Ha3, He2

rA6, rA7 from Ot3, nT13, nT12, nT14, rA11, mi4, bu2, bu3, Ha3, mi6, Ha2, He3, He4,
He2, rA2

rA8 from Ot3, bu4, nT14, mi6, Ne2, mi5

rA9 from Ot3, Ha2, nT14, Hel, He2

rA10 from Ot3

rAll from Ot3, nT13, nT12, mi2

rA12 from Ot3, nT9, nT10

rAl13 from Ot3, rA5

rAl4 from Ot3, rA4, Hel, rA2

nT1 from Ot3, pr5, Ha3, nT14, nT16, Ha2

nT2 from Ot3, nT14, Ha3, rA5

nT3 from Ot3, nT9, nT10

nT4 from Ot3, Ha3, de3, nT13, nT12, nT15, rA5

nT5 from Ot3, Ha3, in3, as3, nT13, nT12, nT15, nT18, mE3, mi4, rA5

nT6 from Ot3, nT13, nT12, nT14, Ha3, rAb5

nT7 from Ot3, nT13, nT12, nT15, rA6, rA7, Ha2, mi9, mil0, nT14, Ha3, nT16, rA5

nT8 from Ot3, de3, in3, as3, nT13, nT12, nT15, nT18, mE3, mi4, Ha3, mC2, nT16, nT2,
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Ha2, rA5
nT9, nT10 from Ot3, pr2, pr3, nT18
nT11 from Ot3, pr4, nT16, mi8
nT13, nT12 < nT9, nT10, Ha3, He3, Hed
nT14 from Ot3, nT9, nT10, nT18, nT16, pr7
nT15 < nT14, Ha3, nT2
nT16 from Ot3, pr8
nT17 from Ot3, mi5, pr4, nT11, mil0
nT18 from Ot3, pr9, mib, nT11
mil from Ot3, mi9, mil0, mil0
mi2 from Ot3, Ne4
mi3 from Ot3, fill, del2, in12, as10, nT9, nT10, Neb
mi4 from Ot3, mi9, mil0, mi3
mi5 from Ot3, nT9, nT10, Ne5, mil0, mi4
mi6 from Ot3, mi5, bu6, rA8, mi9, mil0, bu4, mi4
mi7 from Ot3, mi2, mi7, mi4, nT18, Ne2, mil0, nT17, mi3
mi8 from Ot3, mil0, Ne2, mi3
mi9, mil0 from Ot3, He3, He4, nT9, nT10, nT18, Ne3, Ha3, mi3, nT17, mil0, He2, mi4,
mil2, mi6, He6
mill from Ot3, nT18, mi9, mi6, mi6
mil2 from Ot3, rA8, nT2, He6, mi9, mi5, mi3, Ha3, mi4, rA5
mil2 from Ot3, mil2, nT18, mi6, Ha3, mi4, rA5
mil3 from Ot3, rA6, rA7, Ha2, nT13, nT12, He3, He4, mi9, mil0, mC9, rA5
mil4, mil5 < Nel2, Nel3, mi5, Culb, mil3, Ot2, He3, He4, Nel7, Nel8, Cu8, He6, He5,
mi4, Otl
mil6 < Nell, mi5, mi4
mil7, mil8 < Nel5, Nel6, mi5, Culb, mil3, Ot2, He3, He4, Nel7, Nel8, Cu8, He6,
Heb, mi4
mil9 < Ne20, mi5, Culb, mil3, Ot2, He3, He4
mi20 from Ha3, Ha2, Cu8, He6, He3, He4, Cul, Ha4, de3, in3, as3, rA8, rA6, rA7, nT11,
nT13, nT12, mi5, mi4, de7, in7, as5, Ot2, del, inl, asl, Cu9, Cul0, Cul3, Cul4, Culbs,
as9, fi5, de8, in8, as6, mC6, Ne3, Ot3, mC11, mil3, mi9, mil0, mC2, mE3, mE10,
mE7, mC12, mE1, mE13, Nel7, Nel8, mE2, mE4, Otl, mE6, NelO, inll, rA5
mCl1 from Ot3, mi6, mill, nT18
mQC2 from Ot3, rA6, rA7, nT13, nT12, mC2
mC3 from Ot3, mC3, nT13, nT12, rA6, rA7, Ha2, rA5
mC4 from Ot3, mC4, mC2, mC3, He3, He4, rA6, rA7, Ha2, rA5
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mCH from Ot3

mC6 from Ot3, rA6, rA7, Ha2, nT13, nT12, mC2, rA5

mC7 from Ot3, rA6, rA7, Ha2, nT13, nT12, mC2, rA5

mC8 from Ot3, rA6, rA7, Ha2, n'T13, nT12, He3, He4, mC7, rA5

mC9 from Ot3, rA6, rA7, Ha2, nT13, nT12, He3, He4, mi9, mil0, He5, mC7, mC8, rA5

mC10 from Ot3, rA6, rA7, Ha2, nT13, nT12, mC2, del, inl, asl, mi6, Ha3, mi4, nT18,
mE15, mC11, mi5, rA5

mC11 from Ot3, rA6, rA7, Ha2, nT13, nT12, mC2, rA5

mC12 from Ot3, rA6, rA7, mC2, mC11, Cu9, Cul0, de7, in7, as5, mi9, mC6

mE1 from Ot3

mE2 from Ot3

mE3 from mC1, Ot3, mi6, nT18

mE4 from Ot3, mE1

mE5 from Ot3, mE3, Ha3, mi6, mi4, nT18, Ha2, rA5

mE6 from Ot3

mE7 from Ot3, Ha2, Ha3, mi6, mi4, mE3, rAb

mES8 from Ot3, Ha3, mi6, mi4, nT18, Ha2, mE3, rA5

mE9 from Cul, Ha4, Ot3, Ha2, Ha3, mi6, mi4, mE3, mC2, mC10, mE1, mC1, del, inl,
asl, mil3, mil2, mC6, mE2, rA5

mE10 from del, inl, asl, mE3, mi6, Ot3, Ha2, Ha3, mi4, mE11, mE9, mE7, rA5

mE11l <= mE10, mil3, mE16, mil6, mi5, mE3, Nel2, Nel3, mC12, mE2, mE1, mE4, mC6,
mE12, mil2, Cul3, Cul4, He3, He4, mi4

mE12 < Ne23, Ne22, mE16, He6, Ne8

mE13 from Ot3, Ha2, mE14, del, inl, asl, Ha3, mi6, mi4, mE3, rA5

mE14 from Ot3, Ha2, del, inl, asl, Ha3, mi6, mi4, nT18, mE3, mE2, rA5

mE15 from Ot3, mE1, Ha2, del, inl, asl, Ha3, mi6, mi4, nT18, mE3, mE2, mE7, mE14,
mE4, rA5

mE16 from Ha3, Ha2, mE3, del, inl, asl, mi6, mE2, mE4, mE1, mE7, mi4, Ot3, mE14,
mE13, rA5

prl from Ot3, rAll, rA10, nT9, nT10, Ne5, mi2, mi4, mi8, mi5

pr2, pr3 from prl, Ot3, rAll, mil

prd < prl

prb < pr6, prl, bul

pr6 from Ot3, Ha2, nT9, nT10, nT14, nT16, He2, rA2, prl, bul, prl10, rA9, Hel, rA4

pr7, pr8, pr9 < prl, mid

prl0 from Ot3, prl, nT9, nT10, nT14, nT17

bul from Ot3, rA1l, rA10, nT9, nT10, Ne5, mi2, mi8, mi5, bub
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bu2, bu3 < bul, Ot3, rA10

bu4 <« bul

bub from Ot3, nT9, nT10, nT16, nT18, prl, bul
bu6 <« bul, mi4

Otl from del, inl, asl

0Ot2 from del, inl, asl

Ot3 from true

Ot4 from Ot3

For lock-free dynamic hash tables



Appendix B

For lock-free parallel GC

B.1 Invariants

In the invariants and the lemmas given below, we use the relations R(z), R(p,z), R1(p, z),
>q defined in sections 5.2, 5.2, 5.3.1 and 5.4.2, respectively. The relation =5 is defined in
section 5.2. The relation 225 is the reflexive transitive closure of relation —- on nodes

defined by:

P (color[z] = black A aux[z] A Jk: 1...arity[z]: child[z, k] = x)
V (color[z] = grey A Jk: 1...ari[z]: child[z, k] = x)

We define the j-th ancestor of a node x by the recursive function:

anc(z, j) = ((j =0 V father[z] <0) ? x : anc(father[z], j — 1))

Main invariants:

I1:  color[z] = white = -R(z)
I2:  color[z] = white = z € free
13: 554 < pe, < 559 = x, € roots,
I4:  —(3p: rnd, = shRnd) = color[z] # grey
I5:  srentzx]—freecnt[z] = {({p | € roots,}) + §({(p, q) |
(Mbox(p, q) =z A =(pc, =559 Ap=r1,)) V (pc, =508 Axp =x Aq=r1p)})

Invariants about the stability of the preconditions in the offered procedures:

16: 250 < pc, <258 = R(p, vp) A R(p, yp)

137
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I7: pc, =280 = R(p, zp)

18: 300 < pc,, <308 V (100 < pc,, < 180 A return, = 300) = Vk: 1...n,: R(p, cplk])
19:  pc, =400V (500 < pc, < 508) = R(p, zp)

110: 500 < pc, <508 = Mbox[p, rp] =0

I11: 550 < pc, < 559 = Mbox[ry, p] # 0

Invariants that hold globally:

I12:  rnd, < shRnd

I13: shRnd < round[z] < shRnd + 1

I14: -aux[z] = round[z] = shRnd + 1

I15: —(3p: rnd, = shRnd) = round[z] < shRnd
I16: round[zr| < shRnd = color[z]| # grey
I17: color|z
I18: color|z

[z] = grey = —aux|z]

[
I19: color[x

[

[

white = —RI(z)
white = father[z] < —1

I120:  color|z
I21: color[z] = grey A father[z] > 0

= Jk: 1...ari[father[z]]: child[father[z], k] =z
122: 1z # father[z]
I123: father[z] >0 = —(3j: N: z = anc(zx, j))
I24: father[z] = 0 A color[z] = grey = srcnt[z] >0

grey V father[z] > 0 = arilz] < arity[z]

I25:  (3p: x € roots,) = srent[z] — freecntz] > 0
I126: —R(x) = srcnt|z] — freecnt[z] =0
I27:  RI(z) A (color[z] = grey V (color|x] = black A aux[z]))
= Jw: srent[w] > 0 A (father[w] = 0V aux[w]) A w Rk

128:  return, = 200 V return, = 300 V return, = 450

Invariants about the first phase of GC:

129: 101 < pc,, < 110 A rnd,, = shRnd A —(z € toBeC), A\ aux[z])
= round[z| = rnd, + 1

130: 101 < pc,, < 110 A rndp, = shRnd A —~(3r: =(101 < pc, < 110) A rnd, = shRnd)
= father[z] # 0 V aux[z] V color[z] # black

I31: 101 < pc,, < 110 A rndp, = shRnd A =(3r: =(101 < pc, < 110) A rnd, = shRnd)
A (z ¢ toBeC) V round[z] = rnd, + 1)
= —aux|z]

I32: 101 < pc, <110 A rnd), = shRnd A —(3r: (101 < pe,. < 110) A rnd, = shRnd)
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133:

A =(z € toBeC,, A aux|z])
= father[z] = 0 V father[z] = —1

101 < pc,, < 110 A rnd, = shRnd A =(3r: =(101 < pc,. < 110) A rnd, = shRnd)

A (z ¢ toBeC) V round[z] = rnd, + 1) A srentfz] =0
= father[z] = —1

Invariants about the second phase of GC:

134:

135:

136:

137:

138:

139:

140:

I41:

142:

143:

144:

145:

146:

=(101 < pc, < 110) A rnd, = shRnd = round|x| = rnd, + 1
P P Y4

=(101 < pc, < 110) A rnd,, = shRnd = -aux(z

(

]
—(101 < pc, < 110) A rnd,, = shRnd A fatherfw] < —1 = —(Jz: father[z] = w)

—(101 < pc,, < 110) A rnd,, = shRnd A color[z] = grey A father[z] > 0

= color[father[z]] = grey A father[father[z]] > 0

=(101 < pc,, < 110) A rnd,, = shRnd A father[z] > 0 A color[z] = grey

= 3j: 1...N: father[anc(z, j)] = 0 A color[anc(z, j)] = grey

—(101 < pc,, < 110) A rnd,, = shRnd A ~R1(z) A color[z] = grey

= father[z] = —1

-(101 < pc, < 110) A rnd,, = shRnd A color[w] = black A father[w] > 0

= Vk: 1...arifw]: (father[child[w, k|] = w V father[child[w, k]] <0
= color[child[w, k]| = black)

pc, =121 = rnd, # shRnd V toBeC), = ()

-(101 < pc, < 121) A rnd,, = shRnd A srcntfz] > 0 A father(z] =0

A =(z € toBeD,, V (150 < pc, <180 A x = x))

= color[z] = black

(122 < pc, <127V 150 < pc, < 180) A rnd, = shRnd A x ¢ toBeC,,

= father[z] > 0

(122 < pe, <127V 150 < pc, < 180) A rnd, = shRnd A x € toBeD,,

A father[z] = 0) V (pc, = 150 A rnd), = shRnd A = = x,,)

= z € toBeC),

(122 < pe, <127V 150 < pc, < 180) A rnd, = shRnd A x ¢ toBeC,,

= —(Jw: father(z] = w A (w € set, V w € toBeC,))

122 < pe, < 180 A rnd, = shRnd

A =(x € toBeCy, V (pc, > 151 A (x € sety, V Ji: 1... head,: x = stackyli])))

= color[z] # grey

Invariants about procedure Mark _stack:

147:

pc, =150 = =, ¢ toBeD,,
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148: 150 < pe, < 180 A rnd, = shRnd
= (color[z,| = grey A father[z,] = 0 A srent[z,] > 0)
V (color[z,] = black A father[z,] = 0)
149: 151 < pe, < 180 A z € toBeC),
= —(z € setp V 3i: 1... heady: x = stack,|i])
150: 151 < pc, < 180 A (Fi: 1... head,: x = stackyli])
=z ¢ set, Az ¢ toBeC,
I51: 151 < pe, <180 A rnd, = shRnd
= x, € setp V color(z,] = black V (3i: 1... headp: x, = stackp[i])
152: 151 < pc,, < 180 A rnd,, = shRnd A (z € set, V Ji: 1... heady: x = stack,[i])
= (color[z] = grey V color[z] = black) A father[z] >0
153: 151 < pc,, < 180 A rnd,, = shRnd A color[z] = grey
A (z € setp V Ji: 1... heady,: x = stack,|i])
= RI(z) A father[z] >0
154: 151 < pc,, < 180 A rnd,, = shRnd A (3i: 1... head,: w = stack,|[i])
= Vk: 1...ari[w]: (father|[child[w, k]] > 0V color[child[w, k]| = black)
A (father[child[w, k]] = w = child[w, k] € set, V color[child[w, k|| = black
V ((3j: 1... headp: child[w, k] = stack,[j]) A (Vm, n: 1...head):
w = stacky,[m] A child[w, k] = stacky[n] = m < n)))
\/(158§pcp§164/\wp:w/\k2jp)
155: pc, =158 A rnd, = shRnd = j, =1V 1 <j, < arifw,| +1
156: 158 < pe, < 164 A rnd, = shRnd
= kp = arifw,] AVj: 1...ky: chy[j] = childw,, j]
I57: 158 < pe, < 164 A rnd,, = shRnd
A =(z € toBeCp, V Jj: 1...j, — 1: & = child[w,, j])
= father(z] # w,
158: 158 < pe, < 164 A rnd,, = shRnd
= Vk: 1...j, — 1: (color[child[w,, k]| = grey = father[child[w,, k]] >0
A (father[child[wp, k]] = wp, = child[w,, k| € set,))
159: 158 < pc, <165 = Ji: 1... head,: w, = stack,[i]
160: 159 < pc,, < 164 A rnd,, = shRnd = 1 < j, < arifw,] Ay, = child[w,, jp]
I61: 168 < pc, <180 = rnd, # shRnd V set, = ()
162: 170 < pe, < 176 = head, # 0
I63: pc, =180 = rnd, # shRnd V head, =0

Invariants about the third phase of GC:

164: 129 < pc,, < 137 A rnd,, = shRnd A color(z] = grey = —RI(z)
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165:  pc, = 134 A round[z] = rndy + 1 A color(z] = grey
= -R(z) A x ¢ free

I66: —(101 < pc, <134V 150 < pc,, < 180) A rnd, = shRnd
= color[z] # grey

I67: pc, =135 = rnd, # shRnd V toBeC), = ()

168:  =(101 < pc,, <135V 150 < pc,, < 180) = rnd, # shRnd

Invariants outside GC:

169:  pc, =450 V (100 < pc,, < 180 A return, = 450) = R(p, z)
170: 500 < pc,, <508 = Mbox[p, rp] =0

I71: 552 < pc, <559 = =z, =Mbox[ry, p] Az, # 0

I72:  pc, =558 = srcnt[r,] > 1

Main lemmas:

Vi: p#qAR(p, ) NIIBANI25 >, R(p, x)
V2:  color[z] # white A =R1(z) AI6 A I8 ANTI A I25 A I63 A T66 > —RI(x)

B.2 Dependencies between invariants

Let us write “p from vy, -- ,¢,” to denote that ¢ can be proved to be an invariant using
that 11, - , 9, hold in the precondition of every step. We write “p < 1, ,¥,” to
denote that ¢ can be directly derived from 1, -- ,4,. We have verified the following

“from” and “<” relations mechanically:

I1 < I3, 15, 118, I71

12 from : true

I3 from : 128

4 < 112, 115, 116

I5 from : 118, 125, 128, 170, I71
I6 from : 118, 125, 128
I7 from : 118, 125, 128
I8 from : 118, 125, 128
19 from : 118, 125, 128
110 from : 128

I11 from : 128

112 from : true
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113 from : 112, 134

114 from : 112, 113

115 from : 112,113, 134

116 from : 112, 113, 166

117 from : 166

118 from : 16, I8, 19, 112, 116, 125, 164, 169

119 from : 112, 116, 118, 139, 164

120 from : 119

121 from : 112, 113, 114, 115, 117, 120, 132, 134, 137, 160, 166

122 < 123

123 from : 113, 116, 136, 150, 159

124 from : true

125 < I5

126 < 13, 15, 19

127 from : 16, I8, 19, 112, 113, 114, 116, 117, 118, 120, 121, 124, 125, 135, 137, 138, 154, 161,
164, 166, 169

128 from : true

129 from : 112, 113, 114, 128

130 from : 112, 113, 114, 115, 116, 119, 128, 168

131 from : 112, 113, I15, 128, 135, 168

132 from : 112, 113, 114, 115, 128, 129, 131, 134, 168

133 from : 112, 113, 115, 128, 129, 134, 168

134 from : 112,113, 129, 134

135 from : 112, 131, 134

136 from : 112, 132, 134, 152, 159

137 from : 112, 121, 128, 132, 134, 139, 140, 152, 154, 159, 160, 161, 164

138 « 123, 132, 135, 137

139 from : 112, 118, 119, 120, 121, 124, 127, 128, 133, 134, 135, 137, 138, 140, 152, 153, 154,
159, 160, 161

140 from : 112, 119, 120, 128, 130, 131, 132, 134, 135, 154, 161, 162

141 from : 112, 128

142 from : 19, 112, 118, 124, 125, 134, 142, 151, 161, 163

143 from : 112, 128, 134, 143, 148

144 from : 112, 128, 134, 135, 147

145 from : 112, 128, 143, 144, 148, 150, 159

146 from : 112, 134, 161, 163

147 from : 128
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148 from : 112, 118, 119, 124, 128, 134, 139, 164

149 from : 128

150 from : 128, 149

I51 from : 112, 128, 134, 152

152 from : 112, 128, 134, 148, 153, 164

153 from : 112, 118, 119, 120, 121, 124, 127, 128, 134, 135, 137, 138, 140, 148, 152, 154, 159,
160, 161

154 from : 112, 118, 119, 120, 122, 128, 134, 135, 140, 143, 150, 152, 153, 155, 156, 157, 158,
160, 162

I55 from : 112, 128, 134, 156, 160

156 from : 112, 120, 128, 134, 152, 159

157 from : 112, 119, 120, 128, 134, 143, 145, 152, 155, 159, 160

158 from : 112, 120, 128, 134, 135, 143, 152, 155, 156, 157, 159, 160

159 from : 128

160 from : 112, 120, 128, 134, 152, 156, 159

161 from : 112, 128

162 from : 128

163 from : 112, 128

164 from : 16, I8, 19, 112, 125, 127, 134, 135, 142

165 < 12, 13, 15, 112, 116, 164, 171

166 from : 112, 134, 146

167 from : 112, 128

168 from : 112

169 from : 118,125

I70 from : 128

171 from : 128, I70

172 < 13, 15, I71

B.3 The low-level lock-free algorithm

B.3.1 Data Structure

Constant

P = number of processes;

N = number of nodes;

C = upper bound of number of children;
Type

colorType: {white, black, grey};
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nodeType: record =
arity: N;
child: array [1...C] of 1...N;
color: colorType;
srcnt, freecnt, ari: N;
father: NU {—1};
round: N;
end
Shared variables
node: array [1...N + P] of nodeType;
indir: array [1...N]of 1...N + P;
Mbox: array [1...P, 1...P]of 0...N;
shRnd: N;
Private variables
roots: a subset of 1...N;
rnd: N;
toBeC': a subset of 1...N;
mp: 1...N + P,

Initialization:
shRnd =1 AVa: 1...N: (indir[z] = ¢ A round[indir[z]] = 1);
Vp:1...P:mp,= N +p;

all other variables are equal to be the minimal values in their respective domains.

B.3.2 Algorithm

proc GCollect() =
localm:1...N+ P; x: 1...N; toBeD: a subset of 1...N;
% first phase
100: rnd := shRnd; toBeC := {1,...,N};
101: while shRnd = rnd A toBeC # () do
choose x € toBeC;

while true do

102: m := LL(indir[z]);

103: node[mp| := node[m];

104: if round[mp| = rnd then

105: round[mp| := rnd + 1; ari[mp] := arity[mp];

if color[mp] = black then color[mp]:= grey; fi;
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106:
107:

if srcnt[mp] > 0 then father[mp] := 0; else father[mp|:= —1; fi;
if SC(indir[z], mp) then toBeC := toBeC — {x}; mp := m; break; fi;
elseif VL(indir[z]) then toBeC := toBeC — {z}; break; fi;
od;

od;

)

% second phase

110:
111:

112:
113:
114:
116:

117:

toBeC := {1,...,N}; toBeD:= {1,...,N};
while shRnd = rnd A toBeD # () do
choose z € toBedone;
while true do
m := LL(indir[z]);
node[mp] := node[m];
if father[mp] = 0 then
if VL(indir[z]) then
toBeD := toBeD — {z};
Mark_stack(z); break; fi;
elseif VL(indir[z]) then toBeD := toBeD — {z}; break; fi;
od;
od;

% last phase

120:

121:
122:
123:
124:
125:
126:

127:
128:

while shRnd = rnd A toBeC # () do
choose z € toBeC;
while true do
m := LL(indir[z]);
node[mp] := node[m];
if round[mp| = rnd + 1 A color[mp] = grey then
color[mp] := white;
if SC(indir[z], mp) then toBeC := toBeC — {x}; mp := m; break; fi;
elseif VL(indir[z]) then toBeC := toBeC — {z}; break; fi;
od;
od;
CAS(shRnd, rnd, rnd + 1);

return;

end GCollect.

proc Mark_stack(z: 1...N) =

local w, y: 1...N; suc: Bool; j, k: N;
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150:
151:

152:
153:
154:
155:
156:

157:

158:
159:
160:

161:

162:

163:

164:

170:

171:
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stack: Stack; head: N; set: a subset of 1...N;
ch: [1...Clof 1...N; m, n:1...N + P;
toBeC := toBeC — {z}; set := {x}; head := 0;
while shRnd = rnd A set # () do
choose w € set;
while true do
m := LL(indir[w]);
node[mp] := node[m];
if color[mp] = grey A round[mp| = rnd + 1 then
k:= ari[mp];
for j:= 1 to k do ch[j] := child[mp, j]; od;
if VL(indir[w]) then
set := set — {w}; head++; stack|head] := w; j:= 1;
while shRnd = rnd A j <k do
y = chlj];
if y € toBeC then
while true do
n:= LL(indir[y]);
node[mp] := node[n];
if (father[mp] = —1V father[mp]| = w)
Around[mp] = rnd 4+ 1 then
if father[mp] = —1 then father[mp] := w; fi;
if SC(indir[y], mp) then
toBeC := toBeC — {y}; mp := n;
set := set + {y}; break; fi;
elseif VL(indir[y]) then break; fi;
od; fi;
Ji=J+1L
od;
break; fi;
elseif VL(indir[w]) then set := set — {w}; break; fi;
od;
od;
while shRnd = rnd A head # 0 do
y := stack[head];
while true do
m := LL(indir[y]);
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172:
173:
174:

175:
176:

180:

node[mp] := node[m];
if color[mp] = grey A round[mp] = rnd + 1 then
[mp] := black;
srcnt[mp]| := srcnt[mp] — freecnt[mp|; freecnt[mp]:= 0;
if SC(indir[y], mp) then mp := m; head--; break; fi ;
elseif VL(indir[y]) then head--; break; fi;
od;
od;

return;

color

end Mark_stack.

proc Create(): 1...N =

200:
201:
202:
203:
204:
205:

206:

207:

local m: 1...N+P; x: 1...N;
while true do
choosez €1...N;
m := LL(indir[z]);
node[mp] = node[m];
| = white then

]
if color|
[mp] := black; srent[mp]:= 1; arity[mp]:= 0;

mp
color|mp
if SC(indir[z], mp) then
roots := roots + {x};
mp := m; break; fi;
elseif time to do GC then
GCollect(); fi;
od;

return z

end Create.

proc AddChild(z, y: 1...N): Bool =
{R(self, x) A R(self, y)}

250:

251:
252:
253:
254:

local m: 1...N + P; suc: Bool;
suc := false;
while true do
m := LL(indir[z]);
node[mp] := node[m];
if arity[mp] < C then

arity[mp]|++;
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child[mp, arity[mp]] := y;
255: if SC(indir[z], mp) then
mp := m; suc := true; break; fi;
256: elseif VL(indir[z]) then break; fi;

od;

257: return suc
end AddChild.

proc GetChild(z: 1...N, rth: 1...N):0...N =
{R(self, x)}
localm: 1...N+P; y:1...N;

while true do

280: m := LL(indir[z]);
281: node[mp| := node[m];
282: if 1 <rth < arity[mp] then y:= child[mp, rth]; else y := 0; fi;
283: if VL(indir[z]) then break; fi;
od;

)

284: return y
end GetChild.

proc Make(c: array [1...CJof 1...N, n:1...C): 1...N =
{Vj:1...n: R(self, c[j])}
localm: 1... N+ P; x:1...N; 5. N;

while true do

300: choose z € [1...NJ;
301: m := LL(indir(z));
302: node[mp] := node[m];
303: if color[mp| = white then
304: color[mp] := black;
srent[mp] := 1; arity[mp] := n;

for j:= 1 to ndo child[mp, j]:= c[j] od;
305: if SC(indir(z), mp) then
roots := roots + {x};
mp := m; break; fi;
306: elseif time to do GC then
GCollect(); fi;
od;
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307: return x
end Make.

proc Protect(x: 1...N) =
{R(self, x) Az ¢ roots}
local m: 1...N + P;

while true do

400: m := LL(indir[z]);

401: node[mp| := node[m];

402: srcnt[mpl++;

403: if SC(indir[z], mp) then
roots := roots + {z};

mp := m; break; fi;
od;

404: return

end Protect.

proc UnProtect(z:1...N) =
{z € roots}
local m: 1...N + P;

while true do

450: m := LL(indir[z]);

451: node[mp] := node[m];

452: freecnt[mp]|++;

453: if SC(indir[z], mp) then
roots := roots \ {z};

mp := m; break; fi;
od;
454: return

end UnProtect.

proc Send(z:1...N, r:1...P) =
{R(self, x) A Mbox[self, r] = 0}
local m: 1...N + P;
while true do
500: m := LL(indir[z]);
501: node[mp| := node[m];

149



150 Appendix B.
502: srcnt[mpl++;
503: if SC(indir[z], mp) then
mp = m;

504: Mbox[self, r] := z; break; fi;

od;
505: return
end Send.
proc Receive(r: 1...P):0...N =
{Mbox][r, self] # 0}

local z: 1...N;
550: x := Mbox[r, self];
551: if z ¢ roots then

roots := roots U {z};

Mbox[r, self] := 0;
else

while true do

552: m := LL(indir[z]);

553: node[mp] := node[m];

554: srcnt[mp]--;

555: if SC(indir[z], mp) then
mp = m;

556: Mbox[r, self]:= 0;
break; fi;

od; fi;
557: return

end Receive.

proc Check(r, q: 1...P): Bool
local suc : Bool;
suc := (Mbox[r, q] =0);

return suc;

600:
601:

end Receive.

For lock-free parallel GC





